INTEGRAL VARIATIONAL PRINCIPLE OF MECHANICS
(INTEGRAL’NYI VARIATSIONNYI PRINTSIP MEKHANIKI)
PMM Vol. 30, No. 5, 1966 pp. 946-949

L. la. AINOLA
{Tallin)

(Received April 3, 1966)

Many works have been devoted to the variational principles of mechanics ; of these we
mention only the monographs [1 to 4].

The well known integral variational formulations of problems of mechanics assume
that the position of the mechanical system is specified at the end of the time interval
under consideration. However, the final position is usually not known, while the initial
position and velocity, are. Variational formulations of this problem with given initial con~
ditions are presented here for linear systems with equations having constant coefficients.

1. The ftirst form of the variational principle. Let us consider a system of particles
which has n degrees of freedom. We shall denote the generalized coordinates by ¢,,
@as +or 5 4, It will be assumed that the kinetic energy T and the potential energy of the
system proper U are representable as positive definite quadratic forms with constant coeffi~
cients in the generalized velocities and the generalized coordinates, respectively

n n
1 o 1
T='§— Z AxTs > U=—- 2 Cadily (1.1
i, k=1 i, k=1

The external forces f,, ..., fn act on the system. The potential of these forces is

n
V= 2 f‘i(ii (1.2)
i==l
The Lagrangian then has the form
1 n 1 n n
L=— 2 Oxdi T — 5 D owtidy + 2 hiy (1.3)
3, k=1 i, k=1 f==1

If the positions of the system at the times ¢t =0 and ¢ = Tare known, then, according te

Hamilton’s principle, the system moves between these positions in such a way that
P p ys P 34
T

5S L(g,q" 1)dt =0 (1.4)
o
For given positions at the times ¢ =0 and ¢ = 7, it follows from the condition (1.4)

that the equations of motion of the system are
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n
d oL oL - i P
2 22— =0 or Z (a9, 4 c0) == /4 (i=1,2,...,n). (1.5
di dq, dq; =
Let us now tumn to the case in which the position and velocity of the system are speci-
fied at the initial time ¢ = 0. Without loss of generality we may take

g;(0) = 0, g (0) =0 (1.6

Taking into account the form of the Lagrangian (1.3), we shall examine the functional

k4
A= S K*(q,q% ¢, qg* t)dt
1]

n n n n .7
__ N Ql
K* = 2 Tpdi 0" — 2 30" + Z, 1%+ Z fa4*
i, k=1 1, X =1 =1 im1

We assume here that the functions ¢; and g;* are mutually independent functional argu-
ments and that the f;* as well as the f; are given functions. The particular form of the
functions fi“ will be determined later.

We consider the first variation of the functional (1.7)

5A =§ i {(c')K* d aK*)qu*—*—(aK* d aK*)qu}dt +

) & \og*  dt agg d0g;  dt 9gy
n - e (1.8)
aK* « 0 =
+ ( . 8g;* + —.—Sqi)
21 dg;* ' gy t=0
The following notation is introduced:
1 n 1 n n
L= D) et — D) enttat+ X e
1, k=1 i, k=1 i=1
Then
aK* oL 0K* OL* oK* oL aK* aL* (1.9)
3g;* = 8¢y dqy — 0g*’ 9g;* ~ 9g;° g, ~ 0q;*
or n
dK* . K™
Ern 2 Sy 0 Z P
7 k=1 % k=1

After making use of Equations (1.9), the variation (1.8) can be represented in the form

T

84 = {ai—_‘i__a_L_)a_*+ ¢9I«"'__d_8L‘)6 }dt
OS i=1 (aqi dtog;" ) (0%* dt dg;* gt

n (1.10
+ D) e leg (1) 8gy* (1) + 9% (v) Bgy (V) — g (0) 8g,* (0) — g,* (0) Bg, (0))
1, k=1
It follows from Equation (1.10) that 54 = 0 if the functions q; satisfy the equations
(1.5) and the initial conditions (1.6) and the functions ¢;* satisfy the equations
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n
d oL* __ 9L* _ <1 - o o
s g kzil (@™ + Cadi™) = s (1.11)
and the conditions
¢* t) =0, G* () =0 (1.12)

We now transform the auxiliary problem (1.11) and {1.12) to the form of the problem
under study (1.5) and (1.6), We introduce the new variable

n=t (1.13)
and define
rm) = ¢*x —n), g =f*G —n)
A(r,¥,n)=L* [¢* (x+ ~1n), g*t —nht —1] (1.14)
We remark that
dry .
=g =TT (1.15)
According to the relation (1. 9) we have
n n
A, m) = 2} ayri Ty — 2 D Culikt D & (1.16)
i, k=1 i, k=1 EE S
Equations {1.11) and the conditions (1.12) now take the form
(1.17)
d dA _ OA —
3?1'5;{7—5??:0 or 2 (@7 + Cn™) = 84
ri(0) = 0, rt (0) =0 (1.18)

in the new notation.

The equations (1.17) and the conditions {1.18) which have been obtained differ from
{1.5) and the conditions (1.6) only as regards the notation for the variables. If we now
denote

nN=t6 =g, g="h (1.19)

the equations of the auxiliary problem {1.17) with the initial conditions (1.18) coincide
completely with the equations of the problem under study {1.5) and initial conditions (1.6).

The relations (1.14) and {1.19) permit us to express g;* and f;* in terms of the func-
tions ¢; and f;
- 1) = (o), fi* (v — 0 = fi(®) (1.20)
It is easy to verify that the equations

¢* () = ¢t — 1), f* () = fit — 1) (121

follow from (1.20).
Substituting the obtained functions ¢;* and f;* into the functional (1.7), we obtain

the following variational principle of mechamcs. For gived initial position and velomty,
the true motion of the system in the time interval (0, T) is such that the integral
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.
4 = SK[q(t), qv—1), ¢'(t), ¢ (t—1), t]dt (1.22)
[}

is stationary. Here the function K has the form

(1.23)
n n n
E=— Y o 0¢ tc—0— O cquar—0+2 3 L0y —1)
I k=1 i, k=1 i=1

2. The second form of the variational principle, We shall formulate a variational
principle of mechanics for the case in which the motion of the system is described with
the aid of generalized coordinates and momenta, The problem under consideration is de-

fined by Hamilton's equations

. oH . oH (2.1)
9 = ap, Py = 7 ag,;
n 1 n k13
g, p, ¢ T Z ayp, T 5 E Cidi9x 2 139
i, k=1 i k=1 i=1 (2.2)
with the initial conditions
9:(0) =0, pi(0) =0 (2.3)

The validity of the following variational principle can be proved far the present prob-
lem. For given initial positicns and momenta the true motion of the system in the time in-

temal (0, 7) is such that the integral

7= {Z P —0g N+ ClaW. g5 =0, p (), plx—0) Nt (2.4
0 Ti=1
is stationary. Here the function G has the form

(2.5}
] n n n
1 )
G=——= 2 &' POr =04 = 3 a0 e—0— D) (x—1a)
i, =1 - i1
To prove this principle we take the first variation of the functional (2.4}
T n
6] — — S{E [m (t—n— 3% ]sa (1) +
" 0 Ci=1 (2.6)
, ) a6 | -
+ 3 [qi (t—1— a—pi] 57, (1)} 1~ 2, Pyl —1) 8¢, (1) 113
i=1 - i=1
Taking account of the equation
R W)y p (T~ 1)t = S w{T — v (f)dt (2.7

i 0
we obtain from (2.2) and (2.3)
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G OBH[g(t—1t), p(x—1), T— 1] ég_»&/[{q(r—l), p(v—t), 1 —1

A dg;(x—1) ’ ap; op;(v—1) (2.8)

By virtue of the relations (2.8), the variation (2.6) is equal to zero if the conditions
(2.3) and the equations

O fg(x =1, p(r—1), v—1]

94 (t—1) + 3.t —1) 0
arr — _ -
Py (T— 1) — lo(t atq).'(fgz) 0, v—1] _ 0 (2.9)

are satisfied. Since these equations differ from the Hamilton’s equations (2.1) only as
regards the notation of the independent variable, the variational principle is proved.
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